New classes of non-parity-time-symmetric optical potentials with
  all-real spectra and exceptional-point-free phase transition by Yang, Jianke
ar
X
iv
:1
70
7.
03
95
3v
1 
 [p
hy
sic
s.o
pti
cs
]  
13
 Ju
l 2
01
7
New classes of non-parity-time-symmetric optical potentials with all-real spectra and
exceptional-point-free phase transition
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Paraxial linear propagation of light in an optical waveguide with material gain and loss is governed
by a Schro¨dinger equation with a complex potential. Properties of parity-time-symmetric complex
potentials have been heavily studied before. In this article, new classes of non-parity-time-symmetric
complex potentials featuring conjugate-pair eigenvalue symmetry in its spectrum are constructed by
operator symmetry methods. Due to this eigenvalue symmetry, it is shown that the spectrum of these
complex potentials is often all-real. Under parameter tuning in these potentials, phase transition
can also occur, where pairs of complex eigenvalues appear in the spectrum. A peculiar feature of the
phase transition here is that, the complex eigenvalues may bifurcate out from an interior continuous
eigenvalue inside the continuous spectrum, in which case a phase transition takes place without going
through an exceptional point. In one spatial dimension, this class of non-parity-time-symmetric
complex potentials is of the form V (x) = h′(x) − h2(x), where h(x) is an arbitrary parity-time-
symmetric complex function. These potentials in two spatial dimensions are also derived. Diffraction
patterns in these complex potentials are further examined, and unidirectional propagation behaviors
are demonstrated.
Parity-time (PT ) symmetric optics has been heavily
studied in the past ten years (see [1, 2] for reviews).
PT symmetry was first introduced as a non-Hermitian
generalization of quantum mechanics, where a complex
but PT -symmetric potential was shown to still possess
all-real spectrum [3]. Since the Schro¨dinger equation in
quantum mechanics is equivalent to the beam propaga-
tion equation in optics under paraxial approximation,
PT symmetry then spread to optics, where this symme-
try can be realized by an even refractive index profile to-
gether with an odd gain-loss landscape [4]. In this optical
setting, PT symmetry was studied experimentally for the
first time [5, 6]. PT -symmetric potentials do not always
possess all-real spectra though. If the gain-loss profile
(corresponding to the imaginary part of the complex po-
tential) is too strong, phase transition can occur, where
complex eigenvalues enter the spectrum [3, 7]. This phase
transition has been demonstrated in a number of optical
experiments and utilized for many emerging applications
[5, 6, 8–12]. The interplay between PT symmetry and
nonlinearity has been extensively explored as well [1, 2].
Optical PT symmetry requires the refractive index to
be even and gain-loss profile to be odd in space, which
is restrictive and limiting its applicability. Generaliza-
tion of PT -symmetric potentials to allow a more flexi-
ble gain-loss profile while still maintaining all-real spec-
trum is thus an important question. Using supersymme-
try methods, families of non-PT -symmetric potentials
with real spectra have been constructed [13, 14]. But the
gain-loss profiles in such potentials are still very special.
Using two other methods, classes of non-PT -symmetric
potentials with arbitrary gain-loss profiles and all-real
spectra were reported in [15, 16], which is a big step
forward. The simplest class of such potentials is of the
form V (x) = g2(x) + ig′(x), where g(x) is an arbitrary
real function. Other such potentials with more involved
functional forms can be found in [16].
In this article, we report new classes of non-PT -
symmetric complex potentials which feature all-real spec-
tra and phase transition. In one dimension, this class of
potentials is of the form V (x) = h′(x)−h2(x), where h(x)
is an arbitrary PT -symmetric complex function. Even
though these potentials are very different from those re-
ported in [15, 16], we show that their eigenvalues still
possess conjugate-pair symmetry. Thus, their spectrum
can still be all-real, and phase transition can also occur
by tuning parameters in these potentials. Since h(x) is
an arbitrary PT -symmetric function, the gain-loss pro-
file in these potentials can also be arbitrary. A peculiar
phenomenon here is that, when a phase transition oc-
curs in a localized potential, discrete complex eigenval-
ues can bifurcate out from a continuous real eigenvalue
in the interior of the continuous spectrum. When this
happens, the phase transition does not go through an
exceptional point. This scenario of a phase transition is
different from all those reported before in non-Hermitian
systems, where a phase transition was induced by col-
lisions of real eigenvalues through an exceptional point
[1, 3, 5–8, 10–12, 16]. For periodic potentials at phase
transition, we observe unidirectional beam propagation
behaviors with new features beyond those reported ear-
lier for PT -symmetric potentials.
Linear paraxial propagation of light in an optical
waveguide with material gain and loss is governed by the
Schro¨dinger equation
iΨz + Ψxx + V (x)Ψ = 0, (1)
where z is the distance of propagation, x is the trans-
verse coordinate, V (x) is a complex potential whose real
part is the index of refraction and whose imaginary part
represents gain and loss in the waveguide. Looking for
eigenmodes of the form Ψ = e−iµzψ(x) we arrive at the
eigenvalue problem
Lψ = −µψ, (2)
2where L = ∂xx+V (x) is a Schro¨dinger operator and µ is
an eigenvalue.
To derive new non-PT -symmetric complex potentials
with all-real spectra, we follow the operator symmetry
strategy which we have used before [16]. This strategy
is based on the following observation: if there exists an
operator η such that L and its complex conjugate L∗ are
related by a similarity relation
ηL = L∗η, (3)
then the eigenvalues of L come in conjugate pairs if the
kernel of η is empty. This conjugate-pair eigenvalue sym-
metry guarantees that either the spectrum of L is all-real,
or a phase transition occurs when pairs of complex eigen-
values bifurcate out.
The key difference between our current approach and
the one in [16] is that, instead of choosing η as pure
differential operators, we now take η to be a combination
of the parity operator P and differential operators. In
one spatial dimension, the parity operator is defined as
Pf(x) ≡ f(−x). In the simplest case, we take η to be
a combination of the parity operator and a first-order
differential operator, i.e.,
η = P [∂x + h(x)] , (4)
where h(x) is a complex function to be determined. Sub-
stituting this η into the similarity condition (3), we get
the following two equations
V (x)− V ∗(−x) = 2h′(x), (5)
[V (x) − V ∗(−x)]h(x) = h′′(x) − V ′(x). (6)
From the first equation, we see that [h∗(−x)]x = h
′(x);
thus
h∗(−x) = h(x) + c1, (7)
where c1 is a constant. Substituting Eq. (5) into (6) and
integrating once, we get
V (x) = h′(x) − h2(x) + c2, (8)
where c2 is another constant. Lastly, inserting (7) and
(8) into Eq. (5), we obtain
c21 + 2c1h(x) + c2 − c
∗
2 = 0. (9)
In order for the potential V (x) in (8) not to be a con-
stant, the function h(x) should not be identically zero.
Thus, Eq. (9) dictates that c1 = 0 and c2 is real. The
former condition means that the complex function h(x)
is PT -symmetric in view of Eq. (7). Regarding the lat-
ter condition, since a real constant in a potential can be
easily removed by a simple shift of the eigenvalue, we can
set c2 = 0 without loss of generality. In the end, we find
that for new complex potentials of the form
V (x) = h′(x)− h2(x), (10)
where h(x) is a PT -symmetric complex function, i.e.,
h∗(x) = h(−x), the Schro¨dinger operator L satisfies the
similarity condition (3) with η given in (4). Because of
this, eigenvalues of L exhibit complex-conjugate symme-
try; hence the spectrum of L can be all-real and phase
transition could occur, similar to PT -symmetric poten-
tials.
In the above new potentials, h(x) is an arbitrary PT -
symmetric function. This implies that the imaginary part
of the potential V (x) (corresponding to the gain and loss
profile) can also be arbitrary. To see this, we write h(x) =
h1(x) + ih2(x), where h1 is the real part of h which is
even and h2 the imaginary part of h which is odd. Then,
Im(V ) = h′2(x)− 2h1(x)h2(x). Notice that h
′
2(x) is even
and h1(x)h2(x) is odd. For any arbitrary gain-loss profile
G(x) = Im(V ), we can always write it as G(x) = G1(x)+
G2(x), where G1(x) ≡ [G(x) + G(−x)]/2 is even and
G2(x) ≡ [G(x)−G(−x)]/2 is odd. Then under the choice
of h′2(x) = G1(x) and h1(x) = −G2(x)/2h2(x), where
h2(x) =
∫
G1(x)dx is selected to be an odd function, the
resulting gain-loss profile Im(V ) = h′2(x) − 2h1(x)h2(x)
would be equal to G(x). This means that the new class of
potentials (10) can accommodate any arbitrary gain-loss
profile (the refractive index would need to be engineered
accordingly though).
In the above construction, if we choose η to be a com-
bination of the parity operator P and higher-order dif-
ferential operators, additional families of new non-PT -
symmetric complex potentials with all-real spectra could
be derived.
To illustrate the all-real spectra and phase transition
of this class of non-PT -symmetric potentials, we take
h(x) = b0 + b1 cosx+ ib2 sinx, (11)
which is a periodic function with real constants b0, b1
and b2. This function h(x) is PT -symmetric as required.
We also fix b0 = b1 = 1 and allow b2 to vary. When
b2 = 0.98, the resulting complex potential V (x) is de-
picted in the upper left panel of Fig. 1. It is easy to see
that this potential is non-PT -symmetric (even under any
x-coordinate shift). The diffraction relation of this peri-
odic potential is shown in the upper right panel of Fig.
1. These diffraction curves are all-real, meaning that the
whole spectrum of L is all-real. However, when b2 = 1.02,
the lowest two Bloch bands collide and complex eigenval-
ues appear near the two edges of the Brillouin zone, see
the lower panels of Fig. 1. In this case, the spectrum of L
becomes partially complex. The phase transition occurs
at b2 = 1. These behaviors are qualitatively similar to
that in PT -symmetric periodic potentials [4].
Dynamics of beam propagation in these new complex
potentials is of high interest. To examine this, we take
the above periodic potential at phase transition (b2 =
1), and launch a broad beam into it at opposite angles.
Specifically, our initial condition is taken as
Ψ(x, 0) = e−x
2/100+iβx, (12)
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FIG. 1: Diffraction relations of non-PT -symmetric periodic
potentials (10) with h(x) given in (11) and b0 = b1 = 1. Up-
per left: real (solid blue) and imaginary (dashed red) parts
of the complex potential at b2 = 0.98. Upper right: diffrac-
tion curves of the potential in the upper left panel over the
Brillouin zone −0.5 ≤ k ≤ 0.5. Lower panels: real and imagi-
nary parts of the diffraction curves over the Brillouin zone at
b2 = 1.02.
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FIG. 2: Propagation of broad beams (12) launched at oppo-
site angles into the non-PT -symmetric lattice (10) and (11)
at phase transition (b2 = 1). Left: β = −2; right: β = 2.
where the real constant β is proportional to the initial
launch angle. When β = ±2 (opposite angles), evo-
lutions of these two beams are obtained by computing
Eq. (1) and displayed in Fig. 2. We find that when
the beam is launched toward the left, it does not really
travel in that direction. Instead, it spreads in both direc-
tions (see the left panel). On the other hand, if the beam
is launched to the right, it indeed moves away toward
that direction. Thus, this non-PT -symmetric periodic
potential exhibits highly-nonreciprocal unidirectional be-
havior. While non-reciprocity and unidirectional prop-
agation have been reported in PT -symmetric photonic
lattices before [5, 6, 9, 17, 18], this behavior in the un-
derlying non-PT -symmetric lattices is worthy of report.
In addition, details of these nonreciprocal unidirectional
behaviors here are not exactly the same as those reported
earlier for PT -symmetric lattices.
The previous example was a periodic potential induced
by a periodic function h(x). When h(x) is chosen as a lo-
calized function, a localized non-PT -symmetric potential
would result. As an example, we take
h(x) = d1sechx+ id2 sechxtanhx, (13)
which is PT -symmetric for real constants d1 and d2. We
also fix d1 = 1. Then for two different d2 values of 1
and 2, the resulting non-PT -symmetric potentials and
their linear spectra are plotted in Fig. 3. Since these
potentials are localized, their continuous spectra are the
same, which are 0 ≤ µ < ∞. When d2 = 1, there are
no discrete eigenvalues; thus the spectrum is all-real (see
the upper right panel). But when d2 = 2, a conjugate
pair of discrete eigenvalues µ ≈ 0.7067± 0.4961i appear
(see the lower right panel). The phase transition occurs
at d2 ≈ 1.385. The most fascinating feature of this phase
transition is that, the two complex eigenvalues bifurcate
out from µ0 ≈ 0.8062, which is in the interior of the
continuous spectrum. We also noticed that the discrete
(localized) eigenfunctions of the two complex eigenval-
ues bifurcate out from two different continuous (nonlo-
cal) eigenfunctions of the real eigenvalue µ0. This reveals
two facts: (1) these discrete eigenmodes bifurcate out
from continuous eigenmodes, rather than embedded iso-
lated eigenmodes, in the interior of the continuous spec-
trum; (2) this phase transition does not go through an
exceptional point. The second fact is particularly sig-
nificant because, to our knowledge, all phase transitions
reported before in both finite- and infinite-dimensional
non-Hermitian systems occurred due to a collision of real
eigenvalues forming an exceptional point, where different
eigenvectors or eigenfunctions coalesce [1, 3, 7, 16]. This
is the first instance where a phase transition occurs with-
out an exceptional point. We also point out that, from
a mathematical point of view, we have not seen discrete
eigenvalues bifurcating out of a continuous eigenvalue in
the interior of the continuous spectrum before, and this
is the first such example. Why this bifurcation could
happen here is a mathematical mystery.
Lastly, we show that our construction of non-PT -
symmetric complex potentials above can be extended to
higher dimensions. Let us consider paraxial light prop-
agation in a three-dimensional (3D) waveguide, which
gives rise to a 2D Schro¨dinger operator
L = ∂xx + ∂yy + V (x, y). (14)
To construct new complex potentials V (x, y) with all-
real spectra, we still impose the similarity condition (3),
and choose the operator η to be a combination of the
parity operator and differential operators. In 2D, the
parity operator P can take different forms, either a full
parity operator Pf(x, y) = f(−x,−y), or a partial parity
operator Pf(x, y) = f(−x, y) or Pf(x, y) = f(x,−y)
[19]. For simplicity, we choose η to be a combination of
one of those parity operators and a first-order differential
operator in x, i.e.,
η = P [∂x + a(x)] . (15)
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FIG. 3: Spectra of localized potentials (10) with h(x) given in
(13) and d1 = 1 (the d2 values are shown inside the panels).
Left column: real (solid blue) and imaginary (dashed red)
parts of the complex potentials. Right column: spectra of
potentials in the left column (the red arrows in the lower panel
indicate that the two complex eigenvalues in the spectrum
bifurcate out from the red dot in the interior of the continuous
spectrum when a phase transition happens).
Inserting this η into the similarity condition (3) and af-
ter some algebra, we obtain the resulting 2D complex
potential as
V (x, y) = a′(x) − a2(x) + φ(y), (16)
where functions a(x) and φ(y) satisfy the parity condi-
tions
Pa(x) = a∗(x), Pφ(y) = φ∗(y). (17)
This separable 2D complex potential satisfies the simi-
larity condition (3); thus its complex eigenvalues come
in conjugate pairs, which implies that its spectrum can
be all-real. Other choices of the operator η could lead
to additional classes of 2D non-PT -symmetric complex
potentials with all-real spectra.
In summary, we have derived new classes of non-
PT -symmetric optical potentials featuring conjugate-
pair eigenvalue symmetry in its spectrum by operator
symmetry methods. Due to this eigenvalue symmetry, it
is shown that the spectrum of these complex potentials
is often all-real. Under parameter tuning in these po-
tentials, phase transition can also occur, where pairs of
complex eigenvalues appear in the spectrum. A remark-
able finding is that a phase transition in these potentials
may not go through an exceptional point, which is novel
to our knowledge. Since these new potentials allow an ar-
bitrary gain-loss profile, they may find applications such
as non-PT -symmetric lasers with more flexible laser cav-
ities.
This work was supported in part by the Air Force Of-
fice of Scientific Research under award number FA9550-
12-1-0244, and the National Science Foundation under
award number DMS-1616122.
[1] V.V. Konotop, J. Yang and D.A. Zezyulin, “Nonlinear
waves in PT-symmetric systems”, Rev. Mod. Phys. 88,
035002 (2016).
[2] S.V. Suchkov, A.A. Sukhorukov, J. Huang, S.V.
Dmitriev, C. Lee and Y.S. Kivshar, “Nonlinear switching
and solitons in PT -symmetric photonic systems”, Laser
Photon. Rev. 10, 177 (2016).
[3] C.M. Bender and S. Boettcher, “Real spectra in non-
Hermitian Hamiltonians having PT symmetry”, Phys.
Rev. Lett. 80, 5243–5246 (1998).
[4] Z.H. Musslimani, K.G. Makris, R. El-Ganainy and D.N.
Christodoulides, “Optical solitons in PT periodic poten-
tials”, Phys. Rev. Lett. 100, 030402 (2008).
[5] C.E. Ru¨ter, K.G. Makris, R. El-Ganainy, D.N.
Christodoulides, M. Segev and D. Kip, “Observation of
parity-time symmetry in optics”, Nature Physics 6, 192–
195 (2010).
[6] A. Regensburger, C. Bersch, M.A. Miri, G. Onishchukov,
D.N. Christodoulides and U. Peschel, “Paritytime syn-
thetic photonic lattices”, Nature 488, 167–171 (2012).
[7] Z. Ahmed, “Real and complex discrete eigenvalues in an
exactly solvable one-dimensional complex PT-invariant
potential”, Phys. Lett. A 282, 343–348 (2001).
[8] J. Schindler, A. Li, M.C. Zheng, F.M. Ellis, and T. Kot-
tos, “Experimental study of active LRC circuits with
PT symmetries”, Phys. Rev. A 84, 040101(R) (2011).
[9] L. Feng, Y.L. Xu, W.S. Fegadolli, M.H. Lu, J.E.B.
Oliveira, V.R. Almeida, Y.F. Chen, and A. Scherer, “Ex-
perimental demonstration of a unidirectional reflection-
less parity-time metamaterial at optical frequencies”, Na-
ture Materials, 12, 108–113 (2013).
[10] B. Peng, S. O¨zdemir, F. Lei, F. Monifi, M. Gian-
freda, G. Long, S. Fan, F. Nori, C.M. Bender, and L.
Yang, “Parity-time-symmetric whispering-gallery micro-
cavities”, Nat. Phys. 10, 394 (2014).
[11] L. Feng, Z.J. Wong, R. Ma, Y. Wang, and X. Zhang,
“Single-mode laser by parity-time symmetry breaking”,
Science 346, 972–975 (2014).
[12] H. Hodaei, M.-A. Miri, M. Heinrich, D. N.
Christodoulides, and M. Khajavikhan, “PT -symmetric
micro-ring laser”, Science 346, 975–978 (2014).
[13] F. Cannata, G. Junker, and J. Trost, “Schro¨dinger oper-
ators with complex potential but real spectrum”, Phys.
Lett. A 246, 219–226 (1998).
[14] M.A. Miri, M. Heinrich, and D. N. Christodoulides,
“Supersymmetry-generated complex optical potentials
5with real spectra”, Phys. Rev. A 87, 043819 (2013).
[15] E.N. Tsoy, I.M. Allayarov and F. Kh. Abdullaev, “Stable
localized modes in asymmetric waveguides with gain and
loss”, Opt. Lett. 39, 4215–4218 (2014).
[16] S. Nixon and J. Yang, “All-real spectra in optical systems
with arbitrary gain and loss distributions,” Phys. Rev. A
93, 031802(R) (2016).
[17] S. Longhi, “Bloch Oscillations in Complex Crystals with
PT Symmetry”, Phys. Rev. Lett. 103, 123601 (2009).
[18] K.G. Makris, R. El Ganainy, D.N. Christodoulides, and
Z.H. Musslimani, “PT -symmetric optical lattices”, Phys.
Rev. A 81, 063807 (2010).
[19] J. Yang, “Partially PT-symmetric optical potentials with
all-real spectra and soliton families in multi-dimensions”,
Opt. Lett. 39, 1133-1136 (2014).
